Abstract. We study the uniqueness of complete biconservative surfaces in the Euclidean space R 3 , and prove that the only complete biconservative regular surfaces in R 3 are either CM C or certain surfaces of revolution. In particular, any compact biconservative regular surface in R 3 is a round sphere.
Introduction
In the last years, the theory of biconservative submanifolds proved to be a very interesting research topic, as shown, for example, in [1, 4-6, 12, 14-16, 18-21] . This topic arose from the theory of biharmonic submanifolds, but the class of biconservative submanifolds is richer than the former one.
In order to define biharmonic submanifolds, let us first consider (M m , g) and (N n , h) two Riemannian manifolds and the bienergy functional
where τ (ϕ) = trace g ∇dϕ is the tension field of a smooth map ϕ : M → N with respect to the fixed metrics g and h. A biharmonic map, as suggested by J. Eells and J.H. Sampson in [2] , is a critical point of the bienergy functional. The corresponding Euler-Lagrange equation, obtained by G.Y. Jiang in [9] , is τ 2 (ϕ) = −∆ ϕ τ (ϕ) − trace g R N (dϕ, τ (ϕ))dϕ = 0, where τ 2 (ϕ) is called the bitension field of ϕ, ∆ ϕ = − trace g ∇ ϕ ∇ ϕ − ∇ ϕ ∇ is the rough Laplacian defined on sections of ϕ −1 (T N ), and R N is the curvature tensor field of N given by
An isometric immersion ϕ : (M m , g) → (N n , h) or, simply, a submanifold M of N , is called biharmonic if ϕ is a biharmonic map. Any harmonic map is biharmonic and, therefore, we are interested in studying biharmonic and non-harmonic maps which are called proper-biharmonic. As a submanifold M of N is minimal if and only if the map ϕ : (M, g) → (N, h) is harmonic, by a proper-biharmonic submanifold we mean a non-minimal biharmonic submanifold. Following D. Hilbert ([8] ), to an arbitrary functional E we can associate a symmetric tensor field S of type (1, 1) , called the stress-energy tensor, which is conservative, i.e., div S = 0, at the critical points of E. In the particular case of the bienergy functional E 2 , G.Y. Jiang ([10] ) defined the stress-bienergy tensor S 2 by
and proved that div S 2 = − τ 2 (ϕ), dϕ .
Therefore, if ϕ is biharmonic, i.e., is a critical point of E 2 , then div S 2 = 0. The variational meaning of S 2 was explained in [11] .
One can see that if ϕ : (M m , g) → (N n , h) is an isometric immersion, then div S 2 = 0 if and only if the tangent part of the bitension field associated to ϕ vanishes. A submanifold M is called biconservative if div S 2 = 0.
The surfaces with constant non-zero mean curvature function (CM C surfaces) and the minimal surfaces in 3-dimensional spaces with constant sectional curvature N 3 (c) are trivially biconservative, and the explicit local parametric equations of biconservative surfaces in R 3 , S 3 and H 3 , with grad f nowhere vanishing, where f denotes the mean curvature function, were determined in [1] and [5] . When the ambient space is R 3 the result in [7] was also reobtained in [1] .
Even if the notion of biconservative submanifolds belongs to the extrinsic geometry, in the particular case of biconservative surfaces in N 3 (c), they also admit an intrinsic characterization that was found in [3] .
In [14] we extended the local classification results for biconservative surfaces in N 3 (c), with c = 0 and c = 1, to global results, i.e., we asked the biconservative surfaces to be complete and with grad f = 0 on a non-empty open subset (non-CM C surfaces). More precisely, we constructed, from the intrinsic and extrinsic point of view, complete biconservative surfaces in R 3 and S 3 with grad f nowhere vanishing on an open dense subset.
The paper is organized as follows. After a short section where we recall some results on biconservative surfaces in R 3 , we give, in the third section, some uniqueness results concerning complete non-CM C biconservative surfaces in R 3 . We prove that the only complete non-CM C biconservative regular surfaces in R 3 are the known ones (see Theorem 3.7) and that there exists no compact non-CM C biconservative regular surface in R 3 (see Theorem 3.5).
Convention. All manifolds are assumed to be smooth, connected and oriented.
Preliminaries
As we have already seen, a biconservative submanifold ϕ : M m → N n is characterized by τ 2 (ϕ) = 0. If we consider the case of hypersurfaces M m in N m+1 , we get that M is biconservative if and only if
where η is the unit normal of M in N , A is the shape operator, f = trace A is the mean curvature function, and (Ricci N (η)) is the tangent component of the Ricci curvature of N in the direction of η (see [11, 17] ).
Moreover, if ϕ : M m → N m+1 (c) is a hypersurface, then it is biconservative if and only if
It is then easy to see that any CM C or minimal hypersurface in N m+1 (c) is biconservative and, therefore, when studying biconservative surfaces in space forms we are interested in the non-CM C case. Here, by a non-CM C hypersurface we mean a hypersurface with grad f different from zero at some points but there could be points where grad f vanishes. A direct consequence of (2.1) is the following proposition.
Proposition 2.1. Let M m be a biconservative hypersurface in N m+1 (c). Then
If we restrict our study to biconservative surfaces in N 3 (c) with grad f = 0 at any point of M , we have the following local result.
Theorem 2.2 ([1]
). Let ϕ : M 2 → N 3 (c) be a biconservative surface with grad f nowhere vanishing. Then, we have f > 0 and
where ∆ is the Laplace-Beltrami operator on M .
Next, we recall some details about the construction of complete biconservative surfaces in R 3 with grad f = 0 at any point of an on an open dense subset, that was presented in [12, 14, 16] . First, this construction is done from the extrinsic point of view, and then, from the intrinsic point of view. When using the extrinsic approach, we work, basically, with the images. In the intrinsic approach we work with immersions. In this case, the domain of the biconservative immersion is an abstract surface which is complete and simply connected.
We begin with the following local extrinsic result which provides a characterization of biconservative surfaces in R 3 .
Theorem 2.3 ([7]
). Let M 2 be a surface in R 3 with (grad f )(p) = 0 for any p ∈ M . Then, M is biconservative if and only if, locally, it is a surface of revolution, and the curvature κ = κ(u) of the profile curve σ = σ(u), |σ (u)| = 1, is a positive solution of the following ODE
In [1] there was found the local explicit parametric equation of a biconservative surface in R 3 .
Theorem 2.4 ([1]
). Let M 2 be a biconservative surface in R 3 with (grad f )(p) = 0 for any p ∈ M . Then, locally, the surface can be parametrized by , f is positive and grad f is different from zero. In [14, 16] we also proved the following two properties that will be useful latter on. 
and then XC First, we recall the local intrinsic characterization for biconservative surfaces in N 3 (c). 
Using local isothermal coordinates, we could find some more intrinsic characterizations of biconservative surfaces in N 3 (c). One of them is given by the following result.
Theorem 2.12 ([14]
). Let M 2 , g be an abstract surface and c ∈ R a constant. Then M can be locally isometrically embedded in a space form N 3 (c) as a biconservative surface with the gradient of the mean curvature function different from zero at any point of M if and only if the Gaussian curvature K satisfies c − K(p) > 0, (grad K)(p) = 0, for any p ∈ M , and the metric g can be locally written as g = e 2ρ du 2 + dv 2 , where (u, v) are local coordinates positively oriented, and ρ = ρ(u) satisfies the equation
and the condition ρ > 0. Moreover, the solutions of the above equation, u = u(ρ), are
where ρ is in some open interval I, ρ 0 ∈ I and a, u 0 ∈ R are constants.
Then, from the above theorem for c = 0, one obtains Proposition 2.13 ( [14] ). Let M 2 , g be an abstract surface. Then M can be locally isometrically embedded in R 3 as a biconservative surface with grad f = 0 at any point of M if and only if the Riemannian metric g can be locally written as
where C 0 ∈ R is a positive constant.
Concerning the complete non-CM C biconservative surfaces in R 3 , we have the next global intrinsic result.
6 du 2 + dv 2 be a surface, where C 0 ∈ R is a positive constant. Then we have: (i) the metric on R 2 is complete;
(ii) the Gaussian curvature is given by
and therefore grad
is biconservative and it is an embedding, where
Remark 2.15. For the above immersion, grad f C 0 = 0 at any point of R 2 \ Ov.
Uniqueness of biconservative surfaces in R 3
In Theorem 2.14, grad f is nowhere zero on an open dense subset. Various attempts to construct a biconservative surface in R 3 such that grad f = 0 on a subset with non-empty interior and grad f = 0 on a non-empty subset failed. This led us to the following conjecture. We can also propose a stronger statement.
Conjecture 2. The only simply connected complete non-CM C biconservative surfaces in R 3 are those given by Theorem 2.14.
To make things simpler, we could work only with regular surfaces in R 3 , i.e. with those surfaces defined by embeddings, and basically we would work only with images instead of maps. In this case, the corresponding statement to the Conjecture 2 is In Theorem 3.1 and Theorem 3.2 we prove Conjecture 1 and, respectively, Conjecture 2, under some some additional hypotheses. Then, in Theorem 3.7, we prove Conjecture 3.
Even if the uniqueness of complete non-CM C biconservative surfaces was already mentioned in [14, 16] , a rigorous approach of this problem has been done only here.
Our first result is the following theorem.
is connected, M \ W has non-empty interior and the boundaries in
Proof. Assume that M is biconservative. The boundary ∂ M W is non-empty and let us consider an arbitrary point
As W is an open subset, it follows that p 0 / ∈ W . There exists an open subset U 0 of M such that p 0 ∈ U 0 and ϕ | U 0 : U 0 → R 3 is an embedding. Thus, we can identify U 0 with its image ϕ (U 0 ) ⊂ R 3 and then U 0 can be seen as a regular surface in R 3 .
We note that p 0 ∈ ∂ M W ∩U 0 allows the existence of a sequence p 1 n n∈N * ⊂ W ∩U 0 , p 1 n = p 0 , for any n ∈ N * , which converges to p 0 , with respect to the intrinsic distance function d M on M , and, similarly, from p 0 ∈ ∂ M Int(M \ W ) ∩ U 0 it follows that there exists a sequence p 2 n n∈N * ⊂ Int(M \ W ) ∩ U 0 , p 2 n = p 0 , for any n ∈ N * , which converges to p 0 , with respect to d M . It is easy to see that we can identify p 1 n = ϕ p 1 n and p 2 n = ϕ p 2 n . Now, since W is connected, open in M and grad f = 0 at any point of W , from Theorem 2.6, one obtains that there exists a uniqueC 0 such that 
From the convergence of p 1 n to the same p 0 , with respect to both distance functions d M and dSC 
According to the above facts, this is equivalent to
We have also seen that there exists a sequence p 2 n n∈N * ⊂ Int(M \ W ) ∩ U 0 which converges to p 0 , with respect to the distance d M . Since grad f = 0 at any point of Int(M \ W ) ∩ U 0 and Int(M \ W ) ∩ U 0 is open in M , it is easy to see that (grad f ) p 2 n = 0 and (∆f ) p 2 n = 0, for any n ∈ N * . Considering the limit with respect to the distance d M in the above two relations we get (grad f ) (p 0 ) = 0 and (∆f ) (p 0 ) = 0.
Substituting (∆f ) (p 0 ) = 0 in (3.2), one obtainsfC 0 (p 0 ) = 0 and we come to a contradiction, which concludes the proof. 
is dense and it has two connected components, W 1 and W 2 . Assume that the boundaries of W 1 and W 2 in M coincide and their common boundary is a smooth curve in M . Then, there exists a uniqueC 0 such that ϕ(M ) ⊂SC 0 . Moreover, if M is complete and simply connected, then up to isometries of the domain and codomain, ϕ is the map given in Theorem 2.14.
Proof. Let us consider
There exists an open subset U 0 in M , such that p 0 ∈ U 0 and ϕ | U 0 : U 0 → R 3 is an embedding. Thus, we can identify 
We consider U 0 ∩ ∂ M W 1 as the image of a smooth curve γ : I → U 0 , γ (s) = 0, for any s ∈ I. It is clear from the proof of Theorem 3.1 that γ(s) ∈SC The map ϕ C 0 : R 2 , g C 0 →SC 0 given in Theorem 2.14 is also a universal covering projection and therefore there exists an isometry Θ between (M, g) and
In the following, we restrict our study to the case when ϕ : M 2 → R 3 is an embedding, i.e., S = ϕ(M ) is a regular surface in R 3 . The next result is the main ingredient for proving Conjecture 3. We denote by ∂ S W 0 the boundary of W 0 in S. It is non-empty, as if it was, W 0 would be also closed in S, so W 0 = S. But this implies S ⊂ SC 0 , for someC 0 , which contradicts the completeness of S.
We will prove that (grad f ) (q) = 0, for any q ∈ ∂ S W 0 . To do this, we assume that there exists a point q 0 ∈ ∂ S W 0 such that (grad f ) (q 0 ) = 0. Then, it follows that one has an open ball B 2 (q 0 ; r 0 ) in S, r 0 > 0, such that grad f is different from zero at any point.
Obviously, q 0 belongs to the closure of W 0 in S, and then B 2 (q 0 ; r 0 ) ∩ W 0 = ∅. Since B 2 (q 0 ; r 0 ) and W 0 are connected sets, we get that B 2 (q 0 ; r 0 ) ∪ W 0 is also connected. Moreover, as grad f is different from zero at any point of B 2 (q 0 ; r 0 ), it follows that B 2 (q 0 ; r 0 ) ⊂ W and, therefore B 2 (q 0 ; r 0 ) ∪ W 0 is a connected subset of W . Now, from the maximality of W 0 in W with respect to the inclusion, we have B 2 (q 0 ; r 0 ) ∪ W 0 = W 0 , i.e., B 2 (q 0 ; r 0 ) ⊂ W 0 . Obviously, q 0 ∈ W 0 , and this cannot be true because q 0 ∈ ∂ S W 0 and W 0 is open S.
Thus, one has (grad f ) (q) = 0, for any q ∈ ∂ S W 0 . From Theorem 2.6, since W 0 is connected and grad f = 0 at any point of W 0 , one obtains that there exists a uniqueC 0 such that W 0 is open in SC , it follows that exists ε 0 > 0 such that (θ 0 − ε 0 , θ 0 + ε 0 ) ⊂ (0, ∞) and
Next, we will see that σC
Therefore we obtain a contradiction because, in this case, θ 1 cannot be the infimum of Ω.
Since σC 0 (θ) ∈ W 0 for any θ ∈ [θ 0 , θ 1 ), it is clear that σC , we get that σC 0 defined on (θ 0 − ε 0 , θ 1 ) is also a parametrized geodesic of S. As S is complete, we can consider the parametrized geodesic σ S of S defined on the whole R such that σ S
. Since σ S and σC 0 are continuous, we must have σ S (θ 1 ) = σC
We . Clearly,
and, then,
We take the limit in the above relation and obtain
Using (3.3), one gets a contradiction, because grad fC
In the same way, we can prove that σC 0 (θ) ∈ W 0 , also for any θ ≤ θ 0 − ε 0 . Finally, we obtain that σC . According to the above observations, it follows that there exist a, b ∈ R with a < b, such that γ(a, b) belongs also to S. Moreover, γ defined on (a, b) is also a geodesic of S because, along it, the normal vector field to S coincide with the normal vector field toSC 0 and it is collinear with the principal unit normal vector of γ| (a,b) . Since S is complete, we can consider γ S : R → S the parametrized geodesic of S such that γ S (a,b) = γ| (a,b) . We note that the maximal interval which contains (a, b) and has the property that its image by γ is contained in S, is R. is unbounded in R 3 , we obtain that S is unbounded too, and this is a contradiction as S is compact.
The last part follows from a well-known result of Alexandrov (see, for example [13] ).
Another consequence of Theorem 3.3 is the next result, which is a counter part of Theorem 3.1 for regular surfaces. Theorem 3.6. Let S be a complete non-CMC regular surface in R 3 . Assume that
is connected. Then S cannot be biconservative. . This would mean that S is a surface with boundary, fact that contradicts the regularity of S. Therefore, S \ W S is non-empty and open in S. We note that, as
we get
Further, let us consider p 0 ∈ ∂ S W = ∂ S S \ W S , which is the circle of radius
. Then there exists a sequence p 1 n n∈N * in W , with p 1 n = p 0 , for any n ∈ N * which converges to p 0 , with respect to the distance function d S on S, and another sequence p 2 n n∈N * in S \ W S , with p 2 n = p 0 , for any n ∈ N * which converges to p 0 , with respect to the same d S . Since W and S \ W S are open in S, grad f is different from zero at any point of W , and grad f , ∆f vanish at any point of S \ W S , we can use the same argument as in the proof of Theorem 3.1 to obtain a contradiction. Therefore, our assumption is false, and S cannot be biconservative. Now we can state the main result. . Let p 0 ∈ ∂ S W 0 , i.e., p 0 is a point on a circle of radiusC −3/2 0 . We have three cases.
First, assume that there exists ε 0 > 0 such that grad f vanishes at any point of
S . Then, there exists a sequence p 1 n n∈N * in W 0 , with p 1 n = p 0 , for any n ∈ N * which converges to p 0 , with respect to the distance function d S on S, and another sequence 
